We have investigated via two-dimensional relativistic MHD simulations the long-term evolution of turbulence created by a relativistic shock propagating through an inhomogeneous medium. In the postshock region, magnetic field is strongly amplified by turbulent motions triggered by preshock density inhomogeneities. Using a long-simulation box we have followed the magnetic-field amplification until it is fully developed and saturated. The turbulent velocity is sub-relativistic even for a strong shock. Magnetic-field amplification is controled by the turbulent motion and saturation occurs when the magnetic energy is comparable to the turbulent kinetic energy. Magnetic-field amplification and saturation depend on the initial strength and direction of the magnetic field in the preshock medium, and on the shock strength. If the initial magnetic field is perpendicular to the shock normal, the magnetic field is first compressed at the shock and then can be amplified by turbulent motion in the postshock region. Saturation occurs when the magnetic energy becomes comparable to the turbulent kinetic energy in the postshock region. If the initial magnetic field in the preshock medium is strong, the postshock region becomes turbulent but significant field amplification does not occur. If the magnetic energy after shock compression is larger than the turbulent kinetic energy in the postshock region, significant field amplification does not occur. We discuss possible applications of our results to gamma-ray bursts and active galactic nuclei.
INTRODUCTION
Nonthermal emission is observed from many astrophysical sources harbouring relativistic shocks. In general, the composition of the plasma, the Lorentz factor of the shock, and the structure and strength of the preshock magnetic field are unknown. Radiation modeling of gamma-ray bursts (GRBs) suggests that the magnetic energy density in the emission region constitutes a substantial fraction ǫB ∼ 10 −3 − 10 −1 of the internal energy density (e.g., Panaitescu & Kumar 2002 , Yost et al. 2003 Panaitescu 2005 , Piran 2005 Mészáros 2006; Santana, Barniol Duran, & Kumar 2013) . However, such a high magnetization cannot be attained solely by a simple compressional amplification of the weak magnetic field ⋆ E-mail:mizuno@phys.nthu.edu.tw pre-existing in the upstream plasma (Gruzinov 2001; Barniol Duran 2013) .
Magnetic-field amplification beyond shock compression also seems necessary for emission modeling of young supernova remnants (SNRs), for which magnetic fields as strong as ∼ 1 mG have recently been inferred from observations of the thin X-ray rims in several young SNRs (Bamba et al. 2003 (Bamba et al. , 2005a (Bamba et al. , 2005b Vink & Laming 2003 , but see also Pohl et al. 2005 ) along with rapid time variation of the synchrotron X-ray emission in RX J1713.7-3946 (Uchiyama et al. 2007 , but see also Bykov et al. 2008) .
Magnetic fields in GRB afterglow shocks can be generated through Weibel and filamentation instabilities (e.g., Medvedev & Loeb 1999) , as was demonstrated with Particle-in-cell (PIC) simulations of relativistic collisionless shocks (e.g., Nishikawa et al. 2005 Nishikawa et al. , 2009 Spitkovsky 2008) . Recent studies have also proved that Weibel-type instabilities operate in sub-relativistic shocks (Kato & Niemiec et al. 2012) . It is a matter of debate whether magnetic fields thus generated will persist at sufficient strength over the entire emission region, that, for example, in GRBs is estimated to extend over some 10 6 plasma skin depths downstream of the shock.
On larger scales, magnetic fields can be amplified through nonresonant cosmic-ray streaming instabilities in the precursor of nonrelativistic (e.g., Bell 2004; Niemiec et al. 2008; Riquelme & Spitkovsky 2009 , 2010 Stroman et al. 2009 ) and relativistic (e.g., Milosavljević & Nakar 2006; Niemiec et al. 2010) shocks, which in the nonlinear phase induce density fluctuations. Upstream density fluctuations of any origin, e.g., those found in the wind zone of the GRB progenitor (e.g., Ramirez-Ruiz et al. 2005; Sironi & Goodman 2007) or arising from cosmic-ray streaming instabilities (Stroman et al. 2009 ), can trigger a Richtmyer-Meshkov-type instability that leads to turbulent dynamo processes in the postshock region. Interaction of the shock front with such density fluctuations generates a significant vorticity at the shock. This turbulent plasma motion stretches and deforms magnetic field lines leading to field amplification (Sironi & Goodman 2007; Goodman & MacFadyen 2008; Palma et al. 2008) .
The existence of relativistic turbulence in GRBs has been invoked to explain the observation of large variations in the prompt GRB γ-ray luminosity as well as intraburst variability in the afterglows. Narayan & Kumar (2009) and Lazar et al. (2009) proposed a relativistic turbulence model instead of the well-known internal shock model to interpret the variable GRB light curves. However, the applicability of these models has recently been challenged by the results of MHD simulations performed by Inoue et al. (2011) , who showed that relativistic turbulence decays much faster than the rate of magnetic field amplification. Zhang & Yan (2011) proposed a new GRB prompt-emission model in the highly magnetized regime, which invokes internal-collision-induced magnetic reconnection and turbulence. Within this model, turbulence could be sustained by continuous reconnection in the energy dissipation region. The short-time variability "spikes" in GRB lightcurves can be attributed to turbulent reconnection in the magnetic dissipation region, while the long-time variability stems from the activity of the central engine.
The blazar zone -the innermost part of the relativistic jets in Active Galactic Nuclei (AGN) -is probed through multiwavelength observations. Aharonian et al. (2003) and Krawczynski et al. (2004) reported correlated X-ray/TeV γ-ray flares with timescales from 15 minutes (for Mrk 421) to a few hours (for Mrk 501 and 1ES 1959+650). In the TeV band alone, flux doubling has been observed on timescales down to 2 minutes (Aharonian et al. 2007; Albert et al. 2007; Arlen et al. 2013) . Huge Doppler factors D 50 appear required to provide γγ opacities τ 1 and permit emission regions larger than the Schwarzschild radius of the central black holes. A scenario of fast-moving "needles" within a slower jet or of a "jet-within-a-jet" (Levinson 2007; Begelman et al. 2008; Ghisellini & Tavecchio 2008; Giannios et al. 2009 ) has been invoked to explain the fast variability of blazars. The short-term fluctuations can be also understood as a consequence of a turbulent ambient-jet-plasma that passes through shocks in the jet flow (Marscher & Jorstad 2010; Marscher et al. 1992) .
The potential importance of turbulence to magnetic field amplification and variability led Giacalone & Jokipii (2007) and Guo et al. (2012) to perform 2D non-relativistic MHD shock simulations involving upstream density and magnetic field fluctuations with a Kolmogorov power spectrum. Two-and three-dimensional MHD simulations of non-relativistic shocks propagating in a cloudy inhomogeneous interstellar medium (ISM) have been also performed by Inoue et al. (2009 . The simulations indicated strong magnetic-field amplification in the postshock medium. The peak magnetic-field strength was found to be more than a hundred times larger than the preshock field strength. Similar results have been also obtained in recent hybrid (kinetic ions and fluid electrons) simulations by Caprioli & Spitkovsky (2013) . Fraschetti (2013) has investigated magnetic field amplification by turbulence generated downstream of a two-dimensional rippled hydromagnetic shock analytically in non-relativistic regime. These results strengthen the case for turbulence being an important contributor to magnetic-field amplification and emission variability.
In an earlier paper (Mizuno et al. 2011b) , we demonstrated that the magnetic field is amplified by the turbulence that develops in the post-shock region behind a relativistic shock propagating through an inhomogeneous medium. Inoue et al. (2011) performed 3D relativistic MHD simulations of a propagating relativistic shock and obtained results similar to ours. However, the growth of the magnetic field had not saturated in the relatively short time covered by this previous work.
In this paper, we continue our investigation and present results from two-dimensional (2.5D) relativistic MHD simulations using a much longer grid. This longer grid permits us to investigate the long-term evolution of turbulence and the saturation of magnetic-field amplification. We also extend our investigation to non-relativistic in addition to relativistic shock speeds and to a range of magnetizations of the upstream medium. This paper is organized as follows: We describe the numerical method and setup used for our simulations in §2, present our results in §3, and discuss their astrophysical implications in §4.
NUMERICAL METHOD AND SETUP
We solve the 3D RMHD equations for a mildly relativistic shock propagating in an inhomogeneous medium in two-dimensional Cartesian geometry (x − y plane), but follow all three components of the velocity and magnetic field vectors (so-called 2.5D or 2D3V model) using the 3D GRMHD code "RAISHIN" (Mizuno et al. 2006 (Mizuno et al. , 2011a . For the simulations described here, we have introduced a fifth-order weighted essentially non-oscillatory (WENO) scheme.
The setup of the code for shock simulations was outlined in Mizuno et al. (2011b) . However, in these simulations we use a computational box that is 4 times longer, namely (x, y) = (8L, L). The numerical resolution is as before with N/L = 256. At x = xmax, the fluid which is initially moving with velocity vx = v0 in the positive x-direction is stopped by setting vx = 0 and thermalized 1 . As the pressure increases at x = xmax, a shock forms and propagates in the −x-direction. The downstream plasma velocity is thus zero on average. To produce different shock strengths, we choose three different flow speeds, v0 = 0.2c, 0.5c and 0.9c, where c is the speed of light.
As in our previous work (Mizuno et al. 2011b) , simulations are initialized with an inhomogeneous plasma with mean rest-mass density ρ0 = 1 containing fluctuations δρ established across the entire simulation domain. Following Giacalone & Jokipii (1999 , density fluctuations are created by superposing 50 discrete wave modes with wavelengths between λmin = 0.025L and λmax = 0.5L. The wave amplitudes are chosen to mimic a twodimensional Kolmogorov-like power-law spectrum given by
where L is the turbulence coherence length. The fluctuation variance is δρ 2 = 0.012ρ0. Note, that in contrast to the method used by Giacalone & Jokipii (2007) , our initial preshock turbulence does not include any fluctuating magnetic field (see also Mizuno et al. 2011b ).
The gas pressure of preshock medium is a constant with p = 0.001ρ0c 2 , which is an order of magnitude lower than the value used in Mizuno et al. (2011b) . The shock waves that form may thus have a larger sonic Mach number. An equation of state (EoS) relates the enthalpy h to the gas-pressure and density, and here we use the so-called TM EoS proposed by Mignone et al.(2005) :
where Θ ≡ p/(ρc 2 ). The TM EoS is a simple algebraic function of Θ and a good approximation to Synge's EoS (Synge 1971 ) that describes single-component perfect gases in the relativistic regime. The TM EoS corresponds to a lower bound of Taub's fundamental inequality (Taub 1948) , i.e., (h−Θ)(h−4Θ) = 1. The TM EoS reproduces the correct asymptotic values for the equivalent adiabatic index Γeq = (h − 1)/(h − 1 − Θ), i.e. Γeq → 5/3 for nonrelativistic temperatures and Γeq → 4/3 in the ultra-relativistic limit.
In our simulations the pre-shock plasma carries a constant mean magnetic field. To investigate the effect of the initial magnetic field strength, we choose three different magnetizations in the pre-shock medium, σ ≡ b 2 /ρc 2 = 0.0001, 0.001, and 0.01. Here ρ is the density and b is the magnetic field in the comoving (pre-shock medium) frame. Note that
where B is the magnetic field seen in the simulation frame (Komissarov 1997; Del Zanna et al. 2007 ). We also consider two different magnetic-field orientations with respect to the shock normal, a parallel (to the shock normal, Bx, θBn = 0 • ) and a perpendicular (By, θBn = 90
• ) field configuration. The sound speed,
1/2 , and the Alfvén speed,
1/2 , in the different simulations are calculated using the mean plasma density (ρ0) measured in the comoving (pre-shock medium) frame , and are listed in Table 1 along with the flow speeds v0.
RESULTS

Dependence on the Initial Magnetic Field Strength
In this section we describe the main characteristics of the turbulence generated when a shock propagates into an inhomogeneous medium, and the dependence of the properties of the system on the preshock plasma magnetization. As a representative example of this dependence (studied here for all the cases considered, see Table 1 ), we choose the case with the mildly relativistic flow speed of v0 = 0.5c and a parallel configuration for the mean preshock magnetic field with respect to the shock normal, θBn = 0
• (cases A1-A3). In the following, we refer to the three different plasma magnetizations studied in this paper, σ = 0.0001, 0.001, and 0.01, as the low-, medium-, and high-σ cases, respectively.
Global Structure
Figures 1 and 2 show 2-D images of the density ( Fig. 1 ) and the total magnetic-field strength ( Fig. 2) at ts = 42, where ts is in units of L/c with c = 1, for the three magnetization parameters studied in case A. As described in Mizuno et al. (2011b) , the shock front develops ripples when the inhomogeneous-density preshock plasma encounters the shock. In all cases these ripples lead to strong, random transverse flow behind the shock, thus introducing rotation and vorticity in the postshock region through a process similar to the Richtmyer-Meshkov instability (e.g., Brouillette 2002; Sano et al. 2012; Inoue 2012) . The turbulent plasma motions produce the velocity shears along magnetic field lines that lead to the magneticfield amplification. Note that because our simulations start from pre-existing finite-amplitude density fluctuations in the preshock medium, the flow pattern in the postshock region is initially highly nonlinear and comparison with linear Richtmyer-Meshkov instability analysis is not useful.
In the low-σ case (σ=0.0001, run A1), the preshock magnetic field energy density is much less than the postshock turbulent energy density. Thus, the turbulent velocity field can easily stretch and deform the frozen-in magnetic field, resulting in field-amplification. Near the shock front, the vorticity scale size is small, but farther downstream the scale of the vortices increases through an inverse cascade of turbulent eddies, and the magnetic field is strongly amplified. The turbulent density structure is nearly isotropic because the magnetic field is weak. The amplified magnetic field develops a filamentary structure. In the region far behind the shock front at x ∼ 6 − 8, the magnetic-field strength decreases relative to that at x ∼ 3 − 5, where the highest amplification is observed. This indicates that magnetic-field amplification via turbulent motion saturates and then tends to decay farther behind the shock (see Fig. 4 for the time evolution of the volume-averaged magnetic field).
In the medium-σ case (σ = 0.001, run A2), the preexisting magnetic field energy density is still less than the postshock turbu- lent energy density. As in the low-σ case, the downstream magnetic field is amplified in the turbulent velocity field. The magnetic field is structured in thicker filaments than are seen in the low-σ case. The magnetic filaments are aligned along the initial magnetic-field direction, Bx, after saturation, most likely because magnetic-field tension resists motion perpendicular to the mean-field direction.
In the high-σ case (σ = 0.01, run A3), magnetic-field amplification through the turbulent dynamo process is not efficient, even though a turbulent velocity field develops in the postshock region. The magnetic field is amplified only by a factor of about 2 relative to the initial magnetic field. Magnetic filamentary structures seen in the lower-σ cases are significantly suppressed at this higher σ value. Figure 3 shows 1-D cuts along the x-axis at y/L = 0.5 and ts = 42 of the density, the in-plane transverse velocity vy, and the total magnetic field strength for parallel magnetic field with magnetization parameters σ = 0.0001 (black solid), 0.001 (red dotted), and 0.01 (blue dashed) and the mildly relativistic flow velocity v0 = 0.5c (runs A1-A3). The shock front is located at x ≃ 0.8L. The left and right sides of the shock front are upstream and downstream regions, respectively. The measured shock propagation speed is about v sh ≃ 0.17c in the contact discontinuity frame. Analytic calculations using an ideal gas EoS (see the Appendix in Mizuno et al. 2011b) give a shock velocity in the contactdiscontinuity frame of ∼ 0.18c for Γ = 5/3 and ∼ 0.09c for Γ = 4/3. The measured shock velocity is thus in good agreement with that expected for Γ = 5/3. Conventionally, the shock velocity and Mach number are given in the upstream rest frame. We parametrize the shock strength by the relativistic sonic Mach number
where γ
is the Lorentz factor associated with the sound speed and v ′ sh and γ ′ sh are the shock speed and the shock Lorentz factor measured in the upstream rest frame. A trivial Lorentz transformation converts the shock propagation speed measured in the simulation to the standard upstream-frame shock speed,
The shock propagation speed of v sh = 0.17c obtained from the simulations thus corresponds to v ′ sh ≃ 0.82c in the upstream flow frame. This leads to Ms ≃ 19 for the sound speed in the preshock region where c ′ s ≃ 0.04c. In all cases, the density jumps by about a factor of 4, which is close to the strong-shock limit in the Newtonian approach. The transverse-velocity is strongly fluctuating. The maximum transverse velocity is about 0.04c, and in all cases the average root mean square turbulent velocity of ∼ 0.02c is subsonic in the postshock region ( cs ≃ 0.35c). The total-magnetic-field also shows strong variation. The magnetic field is not compressed at the shock because the direction of the initial magnetic field is parallel to the shock normal. In the low-σ case (σ = 0.0001), the local magnetic field reaches nearly 8 times the amplitude of the initial field. When the initial magnetic field is larger, magnetic-field amplification is reduced. In the medium-σ case (σ = 0.001), the maxi- mum amplitude of the amplified magnetic field is Btot /B0 ∼ 4, whereas in the high-σ case (σ = 0.01), the local magnetic field in the postshock region reaches only 2 times the initial magnetic field strength. The Alfvén velocity in the postshock region depends on the initial mean magnetic field strength. In the low-σ case, the Alfvén velocity in the postshock region fluctuates strongly and the average Alfvén velocity is vA ≃ 0.01c. Turbulence is superAlfvénic in most of the postshock region in the low-σ case. This result is consistent with earlier non-relativistic studies (e.g., Giacalone & Jokipii 2007; Inoue et al. 2009; Guo et al. 2012) . When the mean magnetic field is larger, the Alfvén velocity in the postshock region is larger. In the middle-and high-σ cases, the average Alfvén velocities in the postshock region are vA ≃ 0.03c and 0.06c respectively. Postshock turbulence in the medium-and high-σ cases is sub-Alfvénic.
Magnetic Field Amplification & Saturation
Previous results showed that magnetic-field amplification via the turbulent dynamo process depends on the initial magnetic-field strength. Figure 4 shows the time evolution of the volume-averaged total magnetic field (Fig. 4a) and the maximum total magnetic-field strength (Fig. 4b) in the postshock region for cases A1-A3. We continuously check the shock position for each y-coordinate and average the absolute magnetic-field strength from the y-dependent shock position to x = xmax. The region over which the average is taken thus explicitly depends on time and the case in study.
All cases are normalized by the initial magnetic-field strength, B0, which varies with the assumed σ.
In the low-σ case (σ = 0.0001), the average postshock magnetic field gradually increases with time, saturates at ts ∼ 20, and then decreases slightly to assume a constant value for ts 30. The postshock magnetic field is amplified by about a factor of 2.5 at saturation. The peak field strength is much larger than the mean field amplitude and about 16 times larger than the initial magnetic-field strength. In the medium-σ case (σ = 0.001), the mean postshock field also gradually increases with time, but saturates at ts ∼ 10, sooner than in the low-σ case, and is amplified by only a factor of 1.3. The peak field strength is about 7 times larger than the initial magnetic-field strength. In the high-σ case (σ = 0.01), the mean magnetic field does not become stronger with time, thus the average magnetic field is not amplified in this case. The peak field in the postshock region is about 2 times larger than the initial magnetic field, suggesting some localized field amplification. These results show that the efficiency of magnetic-field amplification declines as the magnetization (σ) increases. Figure 5 shows 2-D images of the ratio of the kinetic to the magnetic energy at ts = 42 for cases A1-A3. The kinetic and magnetic energy densities are defined as E kin = (γ − 1)ρc 2 and
The Kinetic to Magnetic Energy Density Ratio
2 ]/2, respectively. In the low-σ case, the kinetic energy dominates near the shock front (x/L 2).
In an intermediate region farther downstream from the shock at x/L 5, the magnetic energy becomes dominant as the magnetic field is amplified. Far behind the shock front (x/L 5), where the field amplitude has saturated, the magnetic energy dominates in most locations.
Saturation occurs when the magnetic energy density becomes comparable to the turbulent kinetic energy density, in agreement with previous MHD studies (e.g., Schekochihin & Cowley 2007; Cho et al. 2009; Zhang et al. 2009; Inoue et al. 2011 ). For cases A1-A3 with mildly relativistic flow speed, v0 = 0.5c, and parallel magnetic field configuration, the root mean square turbulent velocity is vrms ≡ v 2 turb ≃ 0.02c (see Fig. 3c ). The average kinetic energy density can be estimated from
−4 , where ρ d ≃ 4 is the average density in the post- shock (downstream) region. Here we use the Newtonian approximation because the turbulence is not relativistic. If the magnetic field is amplified to the limit, i.e., the magnetic energy density becomes comparable to the turbulent kinetic energy density, then the estimated magnetic field strength at saturation in the laboratory (contact-discontinuity) frame is Bsat,est ∼ √ 2E kin ≃ 0.04. In the low-σ case A1 the average magnetic field strength in the saturation region is Bsat,sim ∼ 0.035. This simulation result is in good agreement with the estimate. A similar result is found for the medium-σ case A2, and at saturation the magnetic energy density is comparable to the turbulent kinetic energy density in this case as well. In the high-σ case A3, the estimated magnetic-field saturation level is lower than the initial field strength, even for the maximum turbulent velocity. Therefore, significant field amplification does not occur in this case.
subsubsectionTurbulent Magnetic and Kinetic Energy Power Spectra
The statistical properties of turbulent fluctuations in the postshock region can be determined from their power spectra. Figure 6 shows spherically-integrated kinetic and magnetic energy spectra for cases A1-A3. As found by Mizuno et al. (2011b) , the kinetic-energy spectra are only slightly flatter than Kolmogorov, i.e., E kin (k) ∝ k −(5/3)−(D−1) with D = 2 in two-dimensional systems. The kinetic-energy power spectra do not change significantly with time and are almost the same for all σ-cases. A Kolmogorov-like kinetic energy power spectrum seems to be an inherent property of the postshock turbulence produced by the interaction of the shock front with the upstream density inhomogeneities, since this power spectrum is observed both in studies that assume a Kolmogorov (e.g., Mizuno et al. 2011b ) and also a non-Kolmogorov (e.g., Inoue et al. 2009 ) power spectrum in the upstream fluctuations.
In all cases, the magnetic energy power spectrum amplitude rapidly increases at early simulation times and the shape remains almost constant at later times, implying that magnetic-field amplification has reached saturation. The largest enhancement in the magnetic energy power spectrum occurs for the low-σ case and this reflects a larger amplification than for the higher σ-cases. Consistent with Mizuno et al. (2011b) , the magnetic energy spectra at large scales (k 50) are almost flat and strongly deviate from the Kolmogorov spectrum. Such spectra are typical of the small-scale dynamo process (Kazantsev 1968) . Flat magnetic-energy spectra are produced in turbulent-dynamo simulations (e.g., Schekochihin Zhang et al. 2009; Inoue et al. 2011) . Note that the magnetic energy spectrum in the low-and medium-σ cases is flat over a broader region than the high-σ case. This is again an indication of larger magnetic-field amplification for lower magnetizations. Figure 7 shows 2-D images of the total magnetic-field strength for the three different magnetization parameters and a mildly relativistic flow velocity v0 = 0.5c but now for mean magnetic field perpendicular to the shock normal, θBn = 90
Dependence on Initial Magnetic Field Direction
• (cases B1-B3). The low-and medium-σ runs are shown at ts = 42, whereas the high-σ case is shown at ts = 38. When the initial field direction is perpendicular to the shock normal, the magnetic field in the postshock region is shock-compressed by about a factor of 4 (see the 1D plot in Fig. 8) . In all cases, turbulence develops in the postshock region as the relativistic shock passes through the inhomogeneous preshock medium. In the low-σ case, after shock-compression, the magnetic field is still weak enough to be twisted up by the turbulent motion. Therefore, efficient magnetic-field amplification via the turbulent dynamo occurs and the magnetic field develops filamentary structure similar to that seen for the case with parallel mean magnetic field. However, the filaments are thicker in this case and aligned in the y-direction (the initial magnetic-field direction). Turbulent structure is not isotropic as it was in the low-σ case with parallel magnetic field. This difference is a result of the shock compression of the magnetic field that does not occur for a parallel field configuration, and the stronger postshock field's influence on the turbulent motion. In the medium-σ case, after the initial shock compression, the magnetic field is only moderately amplified in the postshock region. It appears that the compressed magnetic field is too strong to allow a significant deformation of the field lines by the turbulent velocity field. For the same reason, in the high-σ case basically only shock compression is observed.
One-dimensional cuts along the x-axis at y/L = 0.5 and ts = 42 (ts = 38 for the σ = 0.01 case) for cases B1-B3 are shown in Figure 8 . The shock front is located at x/L = 0.7 − 0.9. For the perpendicular magnetic field configuration, the shock propagation speed depends slightly on the pre-shock plasma magnetization, and as σ becomes larger, the shock velocity increases. Thus for the low and medium σ the shock propagation speed is v sh ≃ 0.17c in the contact discontinuity frame, the same as for the parallel initial field case. In the high-σ case, the shock velocity is slightly faster, v sh ≃ 0.18c. The density jumps by about a factor of 4 in all cases. The transverse velocity profiles show strong velocity fluctuations with a similar root mean square turbulent velocity of vrms ≃ 0.02c. This is comparable to the root mean square turbulent velocity obtained for a parallel preshock field. The level of magnetic field shock-compression depends on the magnetization. For low σ, the magnetic field is amplified by about factor of 4 but the amplification is lower when the magnetization is larger. For high σ the amplification factor is only 3.5. The amplitude of the magnetic field fluctuations becomes smaller as σ becomes larger. Figure 9 shows the time evolution of the volume-averaged to- tal magnetic field and the peak total magnetic-field strength in the postshock region for cases B1-B3. The volume-averaged strength of the magnetic field increases at the shock by about a factor of 4 for both the low and medium σ cases and by ∼ 3.5 for the high-σ case. The magnetic field is subsequently amplified by turbulence. In the low-σ case, the volume-averaged magnetic field increases up to Btot /B0 ∼ 5 and saturates at about ts ≃ 6. This saturation value is larger than in the low-σ case with parallel mean magnetic field. For the medium σ case, magnetic-field amplification by turbulent motion is not significant. The volume-averaged field strength increases to Btot /B0 ≃ 4.1 in the initial shock compression, and maintains this value farther behind the shock. In the high-σ case, no turbulent amplification of magnetic field is seen. The behaviour in the medium-and high-σ cases (B2-B3) is similar to the behaviour seen in the strong parallel magnetic field cases (A2-A3).
The peak value of the magnetic field is highly variable with time and reaches about 20 times the initial magnetic-field strength for the low σ case B1. For comparison, the peak value of the magnetic field was 15 in the low-σ case A1 with parallel magnetic field. In the medium-σ case B2, the peak value is Btot,max/B0 ∼ 10. This is larger than the maximum of about 6 times the preshock magnetic field strength seen in the medium-σ parallel magnetic field case A2. For the high σ case B3, the local maximum value Btot,max/B0 ∼ 5 is only slightly larger than the volume-averaged strength, again reflecting the fact that magnetic-field amplification is weak in this case (see Fig. 7c ).
In Figure 10 we plot the time evolution of the root mean square fluctuation amplitudes of δBx and δBy, normalized to the mean magnetic-field strength in the postshock region (after shock compression for perpendicular cases) to investigate the level of magnetic-field amplification in the turbulent dynamo process for the cases with mildly relativistic flow v0 = 0.5c and both magnetic field orientations (cases A and B). In all cases, the fluctuation amplitudes increase and saturate. For parallel shocks (Fig. 10a) , δBy initially increases much faster than δBx, but at saturation δBx is larger than δBy. For perpendicular shocks (Fig. 10b) , the fluctuations δBx and δBy grow similarly and after saturation have about the same strength. These results indicate that the orientation of the upstream magnetic field relative to the shock normal significantly affects magnetic-field amplification. In the perpendicular case, the magnetic field is enhanced first by shock compression and then by turbulence in the postshock region. The total magnetic-field gain is thus larger in all perpendicular cases than in parallel magnetic field cases. These results are consistent with our earlier study Mizuno et al. (2011b) . 
Dependence on Shock Strength
Figures 11 and 12 show 1-D cuts along the x-axis at y/L = 0.5 for simulations with parallel magnetic field and different flow speeds. In particular, Figure 11 shows results for a highly relativistic flow (v0 = 0.9c) at ts = 24 (cases C1-C3), and Figure 12 shows results for a sub-relativistic flow velocity (v0 = 0.2c) at ts = 98 (cases E1-E3). For highly relativistic inflow, the shock propagation speed in the contact discontinuity frame, v sh ≃ 0.3c, is considerably faster than for the mildly relativistic speed, v0 = 0.5c, cases.
For high inflow velocity, v0 = 0.9c, Eq. 4 gives v ′ sh ≃ 0.945c. The sound speed in the preshock region is c ′ s ≃ 0.04c and the relativistic Mach number of the shock is Ms ≃ 70 with γ ′ sh ≃ 3 (see Eq. 3). The density jump in the contact discontinuity frame, observed to be a factor 9 in this simulation (Fig. 11b) , is close to that expected for a strong relativistic shock (Blandford & McKee 1976) ,
where γ0 is the relative Lorentz factor between the upstream and downstream frames. The continuity condition mandates
which is fulfilled for v sh ≃ 0.3c. For cases C1-C3, the transverse velocity fluctuates strongly with vrms ∼ 0.05c (Fig. 11b) . These velocity fluctuations in the postshock region are sub-relativistic, even though the shock is very strong. The magnetic field is strongly amplified locally when the initial magnetic field is weak (low σ). In this case the field amplitude achieves more than 15 times the initial magnetic field strength. Magnetic-field amplification is reduced when the preshock field is stronger (higher σ). This trend is similar to that observed for the mildly relativistic inflow cases A1-A3.
For sub-relativistic flows, the shock propagation speed in the simulation frame is v sh ≃ 0.07c, corresponding to v ′ sh ≃ 0.27c, and leads to a shock Mach number Ms ≃ 6.8. The density jumps by only a factor of 3.8, because we are not in the strong-shock limit. In the downstream region, the transverse velocity strongly fluctuates but the maximum is less than 0.02c. The magnetic field in the postshock region is amplified by a factor of ∼ 5 above the initial field strength. Magnetic field amplification is weaker than found in the mildly relativistic flow cases. Figure 13 shows the time evolution of the volume-averaged total magnetic field and the peak total magnetic-field strength in the postshock region for parallel and perpendicular initial magnetic field configurations, with highly relativistic flow, v0 = 0.9c, for the three different initial magnetizations (cases C and D).
Magnetic-field amplification via turbulent motion happens only when the initial magnetic field is weak. The magnetic energy at saturation is comparable to the turbulent kinetic energy, and magnetic-field amplification in the highly relativistic flow cases is stronger than in the mildly relativistic flow cases (see Figs. 4 and 9) because the stronger shock leads to higher turbulent velocity in the postshock region. For perpendicular shocks with all magnetizations considered, shock compression of the field is more efficient than the turbulent amplification downstream.
For sub-relativistic flows with v0 = 0.2c (cases E and F), time evolution of the volume-averaged (mean) total magnetic field and the maximum total magnetic-field strength in the postshock region is shown in Figure 14 .
Weaker turbulence in the postshock region provides less efficient magnetic-field amplification in these cases. For parallel magnetic field cases, the maximum amplification factor, achieved with a low σ, is at most Btot /B0 ∼ 1.5. For perpendicular mag- netic field cases we see little amplification beyond the effects of the shock compression, and even shock compression is reduced when σ is larger. The local maximum magnetic-field strength reaches about 10 times the initial field strength for the low σ case. Figure 15 shows the time evolution of the root mean square fluctuation amplitudes of δBx and δBy, normalized to the mean magnetic field in the postshock region, for three different magneticfield strengths in the highly relativistic (Fig. 15 a-b ) and subrelativistic (Fig. 15 c-d ) flow cases. As for mildly relativistic flows (Fig. 10) , the fluctuation amplitude first increases and then saturates in all cases. In parallel shocks, δBy builds up earlier than δBx, but at the time of saturation, δBx is larger than δBy. In perpendicular shocks, the two magnetic-field components grow and saturate similarly. In general, the relative amplitude of field fluctuations increases with shock strength.
In summary, as expected our results show that magnetic field amplification strongly depends on the shock strength. A stronger shock leads to a larger density jump, higher turbulent velocity in the postshock region, and a stronger magnetic field at saturation. 
SUMMARY AND DISCUSSION
Using a simulation domain of unprecedented length in the flow direction, we have performed two-dimensional relativistic MHD simulations of a relativistic shock propagating through an inhomogeneous medium. Consistent with previous relativistic (Mizuno et al 2011b; Inoue et al. 2011) and non-relativistic studies (Giacalone & Jokipii 2007; Inoue et al. 2009; Guo et al. 2012) , the postshock magnetic field is amplified through turbulent motions. The amplified magnetic field assumes filamentary structures, and its power spectrum is flatter than Kolmogorov, which is typical for a turbulent dynamo process. We find that the saturation level of turbulent field amplification depends on the initial magnetic-field strength. If the initial field is strong, the postshock region becomes turbulent but field amplification does not occur. At a perpendicular shock, the magnetic field is first compressed at the shock and then amplified by turbulent motion in the postshock region. The total field enhancement is larger than at parallel shocks, as observed by Mizuno et al. (2011b) .
Generally, saturation occurs when the magnetic energy becomes comparable to the turbulent kinetic energy in the postshock region. This implies that magnetic-field amplification via turbulent motion happens only if the magnetic energy after shock compression is smaller than the turbulent kinetic energy in the postshock region.
In our simulations the turbulent velocity in the postshock region is sub-relativistic and subsonic, even for a strong relativistic shock. All our simulations employ comparable small-amplitude ( δρ 2 /ρ0 = 0.012) density fluctuations in the pre-shock medium. We note that analytical work by Sironi & Goodman (2007) (see also Goodman & MacFadyen 2008) indicates that the energy density of vortical motions, generated in an interaction be-tween an ultra-relativistic shock and a small-amplitude density fluctuation, increases with the square of the density contrast (i.e., the postshock turbulent velocity grows linearly with the density fluctuation amplitude). Thus, larger density perturbations lead to greater deformations of the shock front and produce stronger vorticity in the postshock region. As a result, the magnetic field can be more efficiently amplified. This analytical prediction has been recently confirmed in MHD relativistic shock simulations by Inoue et al. (2011) (see also Guo et al. 2012 for the nonrelativistic case), who showed that the rate of the initial exponential growth of postshock magnetic turbulence is proportional to the amplitude of the velocity fluctuations. They also found that the shock-induced velocity dispersion can approach the postshock sound speed if the shock propagates in a medium with large-amplitude density inhomogeneities. However, it is not clear whether supersonic relativistic turbulence can be produced and maintained downstream of the shock. For example, in simulations initialized with turbulence by Inoue et al. (2011) , the kinetic energy in relativistic turbulence decayed much faster than kinetic energy in transonic turbulence due to dissipation of relativistic turbulence into internal energy via shocklets. It remains to be verified that the same result applies to the case of turbulence driven by ultra-relativistic shock propagation through an upstream medium containing strong density contrasts.
In this paper we have performed simulations in twodimensional geometry to take long simulation region in shock propagation direction in order to follow the saturation of magneticfield amplification by turbulence in postshock region which did not achieved previous paper (Mizuno et al. 2011b) . In general the turbulence structure, for example the slope of the Kolmogorov-like power spectrum, is different in two and three dimensions. Although we expect that the possible difference is not significant (see Inoue et al. 2009) , to more realistically analyze three-dimensional phenomena we will extend the current investigation to three-dimensional simulations in future work.
In GRBs, afterglow modeling suggest that the ratio of the magnetic energy density to the internal energy density, ǫB, has a broad range of values in the emission region. Our simulation results imply that the broad range suggested by the observations is indicative of different properties in the circumburst medium, e.g., different amplitude of density fluctuations, and magnetic-field strength and direction, notwithstanding differences in shock strength. The strong variability in the prompt emission phase requires maintenance of strong relativistic turbulence in the emission region. If prompt emission were due to jet-medium interaction, then this would require a weak medium magnetic field strength. More likely, GRB prompt emission is of an internal origin, which may invoke collisions of highly magnetized shells (Zhang & Yan 2011) . Our simulations in this paper do not apply to this regime, and future work is needed to test whether substantial reconnection-driven turbulence can be generated and maintained in a magnetically dominated flow.
In AGN blazars, multi-waveband monitoring often finds rapidly variable gamma-ray flares that typically accompany lesser variability and/or increase in the emission at other wavebands. "Multi-wavelength light curves of gamma-ray bright blazars reveal strong correlations across wavebands, yet striking dissimilarities in the details. The linear polarization tends to be highly variable in both degree and position angle, which implies that the magnetic field is turbulent" (Marscher 2013) . In general, the emission characteristics based on a turbulent plasma crossing a standing conical shock associated with the millimetre-wave core in VLBA images of blazars agrees with the characteristics of multi-waveband light curves and polarization variations (Marscher 2011) . In particular, multi-waveband monitoring of AO 0235+164 and OJ 287 indicates gamma-ray flares associated with enhanced emission from the 43 GHz radio core that is consistent with this turbulent cell model for variability (Marscher & Jorstad 2010; Agudo et al. 2011b Agudo et al. , 2011c . In these sources the radio core is located at considerable distance (parsecs) from the central engine, AO 0235+164 (Agudo et al. 2012 ) and OJ 287 (Agudo et al., 2011a) . Our simulation results suggest that strong density inhomogeneities in the preshock relativistic jet fluid would lead to the development of strong turbulence in the post recollimation shock region from which the observed emission originates. The highest photon energies would come from the smallest regions containing the highest magnetic fields and exhibit the most rapid time variability. Structure in the preshock magnetic field would influence the ordering of the postshock turbulent field depending on the magnetization of the preshock jet fluid
